Although our theory is general and by no means restricted to a specific material, it is useful to discuss several possible reasons for the existence of misaligned moments in the interface region relevant for experiment [1] . It has been shown recently [2] that the CrO 2 films used in experiment [1] have a homogeneous magnetisation profile throughout the film, but with a magnetisation direction that is non-collinear with the magnetisation direction of bulk CrO 2 , as a result of the epitaxial coherence strain at the interface between the substrate and CrO 2 . There are two possible ground states, and consequently the CrO 2 film shows a biaxial asymmetry. Using such biaxial CrO 2 films, Keizer et al. reported the above mentioned long-range Josephson effect [1] . The magneto-crystalline anisotropy due to spin orbit coupling is uniaxial.
Although our theory is general and by no means restricted to a specific material, it is useful to discuss several possible reasons for the existence of misaligned moments in the interface region relevant for experiment [1] . It has been shown recently [2] that the CrO 2 films used in experiment [1] have a homogeneous magnetisation profile throughout the film, but with a magnetisation direction that is non-collinear with the magnetisation direction of bulk CrO 2 , as a result of the epitaxial coherence strain at the interface between the substrate and CrO 2 . There are two possible ground states, and consequently the CrO 2 film shows a biaxial asymmetry. Using such biaxial CrO 2 films, Keizer et al. reported the above mentioned long-range Josephson effect [1] . The magneto-crystalline anisotropy due to spin orbit coupling is uniaxial.
The interface between CrO 2 and NbTiN should be considered rather rough, in particular for the preparation technique used in [1] . In experiment [1] , a well known antiferromagnetic Cr 2 O 3 layer at the CrO 2 -surface has been removed before contacting with the superconductor NbTiN. Here, several possible sources for moment misalignment at the interface between the half metallic ferromagnet CrO 2 and the superconductor NbTiN need to be considered. (A) Interface magnetic anisotropy can dominate the bulk anisotropy leading to interface magnetism with a moment perpendicular to the bulk magnetisation. However, in CrO 2 the shape anisotropy is very strong and such interface magnetism is only plausible if disorder or roughness of the interface weakens the exchange coupling between the interface spins and the bulk spins. (B) An interface with finite roughness will have a reduced exchange coupling of interface spins to bulk spins in certain regions. As the direction of the bulk spins is determined non-locally by an interplay between the strain of the substrate and the uniaxial anisotropy, it will in general deviate from the direction of the spins that do not feel such an influence of the substrate. As a result misalignment of a considerable number of interface spins is probable. (C) If clusters of spins are formed in the interface region, it has been shown [3] that the magnetic coupling between the Cr sites oscillates from antiferromagnetic to ferromagnetic and back when successively adding an oxygen atom. Thus, the interplay between shape anisotropy of the clusters, the crystalline anisotropy within a cluster, and the magnetic coupling between the clusters and the bulk magnetisation will ultimately determine the effective magnetisation of the interface. Given the fact, that the bulk magnetisation and the magneto-crystalline anisotropy are non-collinear, the averaged magnetisation of the interface is expected to differ in such a case from the bulk one, thus explicitly breaking spin rotation invariance around the bulk magnetisation axis. (D) Finally, for mesoscopic interfaces there is a possibility for sample specific mesoscopic fluctuations in the spin configuration.
Scattering matrix
It is known that any scattering matrix has a singular value decomposition
where U and V are unitary m × m matrices,Ũ andṼ are unitary n × n matrices, the matrix T has only non-zero elements on the diagonal, that describe the transmission eigenvalues (real, 0 < t < 1) between the m channels on one side of the interface and the n channels on the other side (the number of transmission channels is the smaller of the two numbers m and n). R = √ 1 − T T † and R = √ 1 − T † T are diagonal matrices with the reflection eigenvalues. In our case, the scattering matrix (for each fixed momentum component parallel to the interface) connects two spin channels in the superconductor with one spin channel in the half metal. Consequently, in our case m = 2 and n = 1, andŜ is a 3x3 matrix in spin space with
(S2) The 2x2 matrices U and V can be written in the form U = e i(ψu+ ϑu 2 m·σ) , V = e i(ψv + ϑv 2 m·σ) , and the scalars U andṼ are just phase factorsŨ = e iψũ ,Ṽ = e iψṽ . The scalar phases ψ u,v and ψũ ,ṽ are irrelevant for the Josephson current, as they drop out of the final expressions; thus, for convenience we put them to zero.
The unit vector m characterises the direction of the interface magnetisation (averaged over an area comparable with the size of a Cooper pair); the direction of the magnetisation M of the half metal is the z-direction. In a system with spin rotation invariance around M the directions m and M coincide. This is, however, not the case if spin rotation symmetry around M is broken. We denote the angle between m and M by α. Without loss of generality the spin quantisation axis in the superconductor can be chosen as the m-axis, and in the half metal as the z-axis. The corresponding spin rotation matrix is
where ϕ is the angle of m in the plane perpendicular to M . This leads tô
, and ϑ ↓↑ = π+ϕ−ϑ ↑↑ , which reduces for t 1 to the scattering matrix given in equation (1) of the paper.
Methods
We obtain the Josephson current as function of impurity concentration, temperature and junction length using the quasiclassical Green's functions technique [4, 5] . The Green's functionsĝ(p F , R, ε n ) depend on the spatial coordinate R, Matsubara energy ε n = (2n + 1)πT , and the momentum direction on the Fermi surface p F . In the superconductors, the propagatorĝ is a 4x4 matrix in combined spin and particle-hole space,
where f s and f t are singlet and triplet pairing amplitudes, g s and g t are spin scalar and spin vector parts of the diagonal Green function, and the vector σ = (σ x , σ y , σ z ) is composed of Pauli spin matrices. The hole amplitudes are related to the particle amplitudes by the symmetryf (p F , ε n ) = f (−p F , ε n ) * . In the half metal, only conduction electrons with spin up exist, and the propagator is a 2x2 matrix in particle-hole space,
The propagators are connected at the interfaces via the scattering matrices given in equation (1) of the paper. The transport equation governing the supercurrent in the heterostructure is given by the Eilenberger equation ) S1: ( Supplementary Table) Symmetry components of the interface amplitudes in the superconductors for the the clean limit, assuming a constant singlet order parameter ∆ and small tunnelling amplitudes (t 1). Here, Ωn = p |∆| 2 + ε 2 n and sµ = sgn(µ). 
where µ = cos(θ p ), θ p is the angle between the Fermi velocity and the x-axis,τ 3 is the third Pauli matrix in particle-hole space, and∆ = ∆1iσ y is the singlet order parameter. The average · · · = d cos(θp)dϕp 4π · · · is over all momentum directions. There is an analogous equation for the 2x2 Green's function in the half metal,
Equations (S6)-(S7) are supplemented with the normalisation conditionĝ 2 = −π 21 . We linearise the above equations for small triplet components in the superconductor (f t0 ) and in the half metal (f ↑↑ ). From the clean limit solutions for the interface amplitudes in the superconductors for t 1 and for a constant singlet order parameter ∆ (shown in Supplementary Table S1), we see that it is necessary, in order to ensure small f t0 , to neglect higher order terms in the parameter sin(ϑ) ≈ ϑ. We will do so in the following.
The correction to f s s are then of order sin 2 ϑ 2 , leaving the order parameter unaffected in leading order in ϑ. The normalisation condition is used to eliminate the diagonal part ofĝ in favour of a coupled set of equations for f -functions with positive and negative momentum directions. We decouple the system of differential equations by introducing the new triplet functions Ψ 0j and Ψ j in equations (2)-(3) in the paper.
The solutions for the functions Ψ s,a 0j , appearing in the ansatz Eq. (2) for the superconductors, are given by
with s ε = sgn(ε n ), B 0j (x) = e −|x−xj|/ξS |µ| , K j (x, x ) = e −|x−x |/ξS |µ| + e −(|x −xj |+|x−xj |)/ξS|µ|) , and ξ S = v S /(2Ω n +τ −1 S ) with Ω n = ε 2 n + |∆| 2 . The momentumantisymmetric parts are obtained by using the identity Ψ a 0j = −µs ε ξ S ∂ x Ψ s 0j . After using the boundary conditions with the scattering matrixŜ forĝ S andĝ H , we obtain the solutions Ψ s,a j in the half metal,
The momentum-antisymmetric parts are obtained by using the identity Ψ a j = −µs ε ξ H ∂ x Ψ s j . The integral equations (S8)-(S10) for Ψ s (x) are solved by replacing Ψ on a spatial grid with a piecewise linear function. Exact integration of the resulting expressions reduces the problem to a simple matrix inversion. The angular averages can be performed analytically and lead to exponential integrals. This procedure is necessary because the integration kernel decays on a different length scale compared with Ψ in the diffusive limit.
The current density in the half metal is given by the diagonal Green's function,
where N H is the density of states at the Fermi level for the conducting spin band in the half metal, and e is the electronic charge. It can be shown from the transport equations (S6) and (S7) that the current density J x does in fact not depend on the spatial coordinate, in agreement with the continuity equation that expresses particle conservation.
Using the normalisation condition in the half metal, g 2 ↑↑ = −π 2 − f ↑↑f↑↑ , for small triplet amplitudes, one obtains in leading order g ↑↑ = −iπsgn(ε n )(1 + f ↑↑f↑↑ /2π 2 ), leading to
(S12) It is instructive to decompose the anomalous propagators into their symmetric and antisymmetric part f s,a ↑↑ with respect to µ. Doing this and using the fundamental
dµ µIm(f s ↑↑ f a * ↑↑ ). (S13)
Half-metallic side: Table) Collection of various length scales that enter in the problem. Here vS and vH are Fermi velocities in the superconductor and the half-metal, respectively, while τS and τH are the impurity scattering times in the two materials, and D is the diffusion constant in the half metal. (3) of the paper into equation (S13) leads to equations (6)-(7) of the paper.
Substitution of equation
To study the symmetry properties of the Josephson current, we expand the pairing amplitudes in Legendre polynomials. Writing Ψ j (µ) = A j (µ)Ψ j (µ), the expansion is Ψ j (µ) = ∞ l=0 P l (µ)Ψ j,l , with components Ψ j,l = (2l + 1) P l (µ)Ψ(µ) . Using that
we can bring equation (7) in the paper to the form J c = ∞ l=0 J c;l,l+1 . The various length scales appearing in the paper are listed in Supplementary Table S2 .
Supplementary Results
In Supplementary Fig. S1 we show solutions of the integral equations in the superconductor, equations (S8)-(S9), and in the half metal, equation (S10), for several impurity concentrations ranging from the ballistic limit to the diffusive limit. The triplet amplitudes in the superconductor are m = 0 with respect to the interface moments, and in the half metal are equal-spin m = 1 amplitudes with respect to the bulk magnetisation axis M. The interface moments can be misaligned with respect to M as result of a (spontaneous or induced) breaking of spin-rotation symmetry around M at the interface. The symmetry components in the half metal are defined as 
In the superconductor an analogous definition holds for the m = 0 components F s t0j and F p t0j . In the left panels of Supplementary Fig. S1 we vary the superconducting mean free path S , and in the right panels the half metal mean free path H for fixed S . Whereas the interface value of F p t0j in the superconductor does not change with varying mean free path, the interface value of F s t0j increases with decreasing mean free path in the superconductor, S , as 1/ √ S until it reaches values comparable with the singlet amplitude. Their decay length in the superconductors decreases, and changes from (ξ −1 S + −1 S ) −1 in the ballistic limit to ξ S S /3 in the diffusive limit. An analogous picture is seen on the half-metallic side.
In the inset we also show the induced spin polarisation in the superconductors. It is calculated from the diagonal part of the Green's function, given (for small ϑ j ) by
There is, consequently, a surface spin polarisation in the superconductor, that in the clean limit is given by
The induced spin magnetisation is then where µ B is the Bohr magneton and N S is the density of states in the superconductor.
In Supplementary Fig. S2 we present an analysis of the spatial dependences of the odd-frequency s-wave and even-frequency p-wave pairing amplitudes in the half metal. We show for the ballistic case ( H = 10ξ 0 ) and for the diffusive case ( H = ξ 0 /10) the pairing amplitudes induced from the left and right interfaces. By multiplying the two black curves with each other and the two red curves with each other, and summing the two contributions, we obtain a quantity related to the s·p contribution to the Josephson current [see equation (7)]. For ballistic systems the p-wave amplitudes are larger than the s-wave amplitudes near the interfaces, while the opposite holds for diffusive systems. Amplitudes for fixed frequency give a similar picture.
